We study the intrinsic Hall conductivity of the ordinary and topological superconducting phases of a Rashba metal in a perpendicular Zeeman field. In this system the normal metal breaks time reversal symmetry while the superconducting order parameter does not, in contrast to the chiral p-wave superconducting state predicted in the monolayer strontium ruthenate (Sr2RuO4) whose Hall conductivity has been studied extensively. We study the effects of intra-band and inter-band pairing and find there is qualitatively larger change in the intrinsic Hall conductivity when there is inter-band pairing, with the change in magnitude linear in the pairing gap. We argue that interband pairing leads in general to higher energy costs for the topological phase compared to the topologically trivial phase and thus that the qualitative behavior of the intrinsic Hall conductivity with superconductivity in these systems could provide important clues about the nature of pairing in the superconducting phase and even some hints of whether it is topological or not.
I. INTRODUCTION
Although the recent interest in intrinsic Hall conductivity largely focuses on its remarkable quantization in insulators [1] [2] [3] [4] [5] , a nonzero Hall conductivity is possible for any systems, including metal and superconductor, that breaks time-reversal symmetry. While there is no quantization of the Hall conductivity in metals, there nonetheless exists the identical geometric picture of it through the Karplus-Luttinger formula 6, 7 , which states that the intrinsic Hall conductivity is proportional to the net Berry curvature in the Brillouin zone. The (non-)quantization of the Hall conductivity in insulators (metals) can be explained by this formula together with the fact that the total Berry curvature for each band in the first Brillouin zone is quantized. On the other hand, less has been known about what determines the magnitude of intrinsic Hall conductivity of superconductors, in spite of recent detection of time-reversal symmetry breaking in various unconventional superconductors including not only Sr 2 RuO 4 8 but also more recently UPt 3 9 and URu 2 Si 2 9,10 .
The possibility of exotic physics in topological superconductors such as non-abelian statistics of vortex defects has led to a great deal of theoretical and experimental interest in possible candidate materials. Sr 2 RuO 4 11 which is thought to be a chiral p x + ip y superconductor has perhaps attracted the most interest. Evidences for broken time-reversal symmetry in Sr 2 RuO 4 include muon spin relaxation measurements 12 in addition to the Kerr rotation.
The Kerr rotation angle is a measure of the intrinsic Hall conductivity and a non-zero value of this angle indicates time-reversal symmetry breaking. Somewhat surprisingly however, theoretical calculations show that in the long wavelength limit, the intrinsic, i.e. impurityindependent, Hall conductance of a pure p + ip superconductor is zero 13, 14 . A non-zero intrinsic Hall conductivity has only been obtained so far in chiral p-wave models that allow for interband pairing [15] [16] [17] . Unlike in insulators, where the Hall conductance is quantized, the Hall conductance of superconductors A different type of time-reversal symmetry breaking superconductor that is attracting widespread interest in recent years is the the one that occurs in 2D metal with strong Rashba spin-orbit coupling under a perpendicular Zeeman field. In this system, a topologically non-trivial superconducting phase analogous to the spinpolarized chiral p-wave superconductor can arise for the right range of the chemical potential and the Zeeman field [18] [19] [20] [21] [22] . There are two key differences between this Rashba superconductor and the chiral p-wave superconductor that affect the Kerr rotation angle. The first is that the time-reversal symmetry breaking in the Rashba superconductor does not originate from the Cooper pairing and is already present in the normal phase. The other is that the Rashba system is inherently multi-band due to the spin-orbit coupling splitting of the Fermi surface, naturally raising the question whether the Cooper pairing is purely intraband or has a nonzero interband component. The possibility of the inter-band pairing has been discussed in the recent literature 19, 23 and it been noted that its presence or absence will not affect the possibility of the topological quantum phase transition. However, the physical consequence of the inter-band pairing has remained an under-investigated aspect of the field.
In this paper, we calculate the Hall conductivity of the Rashba superconductor in which an interesting interplay of time-reversal symmetry breaking in the normal phase and a time-reversal invariant order parameter occurs. We separately consider the effects of the intraband and inter-band pairing and find that the effect of superconductivity on the Hall conductivity is qualitatively stronger when there is nonzero inter-band pairing. A more precise statement of our result is that the change in the Hall conductivity due to superconductivity is linear in the pairing gap with a nonzero inter-band pairing but quadratic in pairing gap with a purely intra-band pairing. The effect of inter-band pairing is consistent with the recent calculations of the Hall conductivity in multi-band chiral p-wave superconductor models. This paper is organized as follows. In the section II, we calculate the Hall conductivity of the Rashba metal under a Zeeman field using the linear response and show that the result agrees with the Karplus-Luttinger formula. In the sections III-IV, we calculate the effect of Cooper pairing on the Hall conductivity of this system with purely intra-band pairing and with both intra-and inter-band pairing, respectively. In the section V, we discuss how the two cases would correspond to the topology of the superconducting phase followed by a discussion in the conclusion.
II. THE 2D RASHBA METAL AND ITS HALL CONDUCTIVITY
We use the term "2d Rashba metal" to describe a two dimensional system with a strong Rasha spin orbit coupling governed by an effective Hamiltonian of the form:
where m * is the effective mass, α a parameter which characterizes the strength of the spin-orbit coupling, and σ 1,2 are the Pauli spin matrices; for convenience, we will set = 1. The two bands of the 2d Rashba metal have energies, p 2 /2m * − µ ± αp and a Dirac like crossing at p = 0. The system is time-reversal invariant which implies that the Hall conductance is zero. This in turn means that the net or integrated Berry curvature over all p of all negative energy eigenstates for is zero.
In the presence of an effective Zeeman term (as could possibly be induced from a tunneling from a magnetic insulator), this picture changes. Time-reversal symmetry is no longer preserved, raising the possibility of a non-zero Hall conductance. We shall now confirm this possibility with a detailed calculation. The Hamiltonian with an effective Zeeman term hσ 3 can be written aŝ
where d = (−αp y , αp x , h). The current operator for this Hamiltonian isv
and the finite temperature Green function iŝ
are the band projection operators, ω n is the Matsubara frequency, and ξ k ≡ k 2 /2m * − µ. We can then compute the optical Hall conductivity at T = 0 using the Kubo formula:
where we have used
and k F ± are the momenta where ξ k ∓ d k = 0. This formula comes out simplest for ω = 0, giving us the Hall conductivity:
For the case where we only have a single Fermi surface, we can just set k F − = 0. Note that this requires µ ≥ |h|. This result could also have been obtained from the Karpus-Luttinger formula 6, 7 for the Hall conductivity of a metal. The Karpus Luttinger formula states that
where n is the band index, F xy n is the Berry curvature of the n-th band, and n n (k) is the occupation number of the n-th band at momentum k.
It is straightforward to use this formula if one notes that the Berry curvature is entirely determined by the spin-dependent terms, hence is equal to the skyrmion density of the spin,d · (∂ kxd × ∂ kyd ). Thus, there is cancellation between the contribution from the larger Fermi pocket which covers the sphere starting from the north pole down to the 'altitude' β + ≡ tan −1 αk F + /h and that from the smaller Fermi pocket which starts from the south pole up to β − ≡ tan −1 αk F − /h, giving us
in agreement with the result obtained from the Kubo formula.
III. PAIRING IN THE RASHBA SUPERCONDUCTOR WITH ZEEMAN FIELD
Much of interest in the Rashba metal with an effective Zeeman arises from the existence of the topologically non-trivial superconducting phase. A simple form of pairing that has been studied extensively [18] [19] [20] 23, 24 in this context is
The full first-quantized Hamiltonian including pairing is thenĤ
T , with τ being the Pauli matrices in the electron-hole space. This can be transformed to the band basis (with σ 3 diagonal with respect to the bands) as 19, 20, 23 
whereÛ gives us the basis transformation between the band basis and the original spin basis
The pairing has both interband and intra-band components. We would like to disentangle the contributions to the Hall conductivity from the two components and ask if there are qualitative differences between them. Interband pairing is of course more likely to arise in systems where the superconductivity is intrinsic, i.e. not induced through the proximity effect.
In the following two sections, we will calculate the Hall conductivity of the Rashba system in the superconducting state. We will show that the change in the Hall conductivity from its normal state value will depend qualitatively on absence or presence of significant interband pairing. The effect of superconductivity is weak in the absence of the interband pairing, in the sense that the Hall conductivity still retains some similarity to the Karplus-Luttinger formula of Eq. (8) . The purely intraband Cooper pairing in the Rashba system is expected to break time-reversal symmetry, yet, strikingly, it does not significantly impact the Hall conductivity. This is in some sense consistent with the theoretical results for the superconducting phase of Sr 2 RuO 4 , where the intrinsic Hall conductivity in absence of the interband pairing is zero 13, 14 , which is to say, the intrinsic Hall conductivity retains the normal state value in absence of the interband pairing. On the other hand, as we shall see later, there is significant impact from time-reversal symmetry preserving interband pairing .
A. The case of purely intra-band pairing
We consider the purely intra-band pairing model that has an anti-chiral (chiral) pairing gap for the larger (smaller) Fermi surface,
(φ being the phase difference between the two gaps), in the band basis, as this can be regarded as the purely intraband pairing that is closest to the s-wave pairing of Eq.(10) [18] [19] [20] 23, 24 . In fact, this pairing with |∆ + | = |∆ − | and φ = 0 is exactly equal to Eq.(12) minus the interband pairing term |∆|τ 2 σ 2dz 25 , as can be shown from the full first quantized BdG Hamiltonian with the intraband pairing of Eq.(13) in the band basis:
whereP ± = (1±σ 3 )/2 are the band projection operators. The operatorsP ± = (1 ± σ 3 )/2 can be related to the normal state band projection operatorsP ± = (1±σ·d)/2 through
Topologically, the purely intraband pairing gap of this subsection is equivalent to the pure s-wave pairing, i.e. it gives us the same topological phases with the same Read-Green class of the topological quantum phase transition 26 . Since the inner and outer Fermi surfaces form two independent superconductors in the intraband pairing model, when there are two Fermi surfaces Eq. (13) gives us a topologically trivial superconductivity, as we have two weak pairing superconductors whose topological invariants cancels out to zero due to their opposing chirality. When the inner Fermi surface vanishes to k = 0 at µ = |h|,∆ − vanishes as there is no degeneracy at k = 0, and the topological phase transitions between the topologically trivial and non-trivial phases occur; note that the phase transition point for the purely s-wave pairing is slightly shifted to µ 2 = h 2 − |∆| 218-20 .
Given that the nonzero interband pairing was required for the purely s-wave pairing, it is natural that the purely intraband pairing of Eq. (13) in general gives us a mixture of the s-wave and the p-wave pairing in the original spin basis 23 :
where|∆| ≡ (|∆ + | + |∆ − |)/2, δ|∆| ≡ (|∆ + | − |∆ − |)/2 and the following transformation between the band basis and the spin basis is used:Û
Note that in Eq. (15), the pairing gap breaks time-reversal symmetry due to the perpendicular Zeeman field, i.e. d z = h/ √ h 2 + α 2 k 2 = 0 and the phase difference φ between the gaps of the two Fermi surfaces.
In the case of the purely intraband pairing, the Hall conductivity calculation for the superconducting phase is no more complicated than the same calculation for the normal state. The Kubo formula provides the simplest gauge invariant method for calculating the optical Hall conductivity for a superconductor phase [13] [14] [15] [16] 27 . When the pairing is purely intraband, the Green function, the most important ingredient of the Kubo formula, remains block-diagonal in the band basis for the superconducting phase:
where
2 is the quasi-particle eigenenergy. The Kubo formula for the superconducting phase can be obtained by inserting the BdG Green function of Eq. (17) into Eq. (5) with an overall factor of 1/2 to cancel out the BdG doubling:
at T = 0. Its important to note that the current operators have the same expression as in the normal state, i.e., they do not get any contribution from the pairing terms of the Hamiltonian.
We find that the effect of the Cooper pairing on the Hall conductivity can be attributed solely to the change in the quasiparticle spectrum in the sense that there is contribution only from the normal part of the BdG Green functionĝ(k,
. In other words, the Hall conductivity still originates from the same process as in the normal state, the normal propagation of an electron and a hole from different bands as represented by (a) of Fig.1 . Hence the time-reversal symmetry breaking of the intraband pairing playing no role, which includes lack of any dependence on the phase difference φ between the gaps of the two Fermi surfaces. 28 The vanishing of the contribution from the anomalous part of the Green function is because
where we first traced out band indices usinĝ
vanishes upon angular integration as
is odd with respect to the π/4 rotation. Therefore, for the superconducting state with the purely intraband pairing, we are left with the Hall conductivity of
Comparison between the integrand of Eq. (7) and Eq. (21) in (a) of Fig.2 shows the change being limited to the elimination of the singularity at the Fermi surface similar to what we see for the occupation number.
The change in the Hall conductivity due to infinitesimal pairing gaps has contributions from both the change in the occupation number n ± (k) and the factor that was previously (in the Rashba metal) the Berry curvature
both terms in the order of |∆| 2 log |∆| for a small pairing gap at the Fermi surface; the first derivative with respect to the pairing gap vanishes. In the limit of small Rashba effect α µ/m * and Zeeman field |h| µ, the change in Hall conductivity comes mostly from ∆F xy n , giving us
While the factor of log |∆ − | would not be present in the |∆ − | 2 term for the topologically non-trivial superconducting phase, we do not expect this to have any substantial effect as |∆ − | |∆ + | is physically expected in the topologically non-trivial phase. Hence, we conclude that for the case of the purely intraband pairing there is no qualitative difference between the effect of superconductivity on the Hall conductivity between the topologically trivial and non-trivial intraband superconductivity. This is consistent with the observation that the existence of the chiral Majorana edge state, the key feature of the topologically non-trivial superconductivity absent in the topologically trivial superconductivity, is irrelevant to the response to the electromagnetic field as the quasiparticle excitation of the Majorana edge state is charge neutral.
B. Effect of interband pairing
In this section, we will show how the effect of superconductivity on the Hall conductivity becomes qualitatively larger with interband pairing. Following the recent literature on the analysis of the topological superconductivity in the Rashba system 18-20 , we return to the simplest form of the BCS pairing,
mentioned at the beginning of this section which gives us the full first-quantized Hamiltonian of
FIG. 1. Contribution to intrinsic
Hall conductivity in the band basis, where s,s, s label bands. Filled and dotted curves denote the normal and anomalous Green function respectively. In both the normal state and the superconducting state with purely intraband pairing, there is contribution only from the diagram (a), which originate from the propagation of the electron in the upper band and the hole in the lower band (or vice versa for the superconducting state). However, the diagram (b) shows that with a nonzero interband pairing, possibility of interband propagation -this particular diagram involves the interband normal propagation coming from the combination of the intraband normal and anomalous propagation with interband pairing -gives rise to additional processes contributing to the Hall conductivity.
in the band basis as mentioned in the previous subsection. Note that, in addition to the interband pairings with the opposite chiralities, there is an interband pairing that is non-chiral 19 . This interband pairing at k = 0 is responsible for shifting the quantum phase transition point from µ = |h| to µ = h 2 − |∆| 2 . It is required in order to have a purely s-wave pairing because with the perpendicular Zeeman field, the k and −k states no longer has the opposite spins due to partial spin polarization.
The interband pairing gives rise to contribution to the Hall conductivity that is not present in the normal state, i.e. not representable by (a) of Fig.1 , due to the interband component of Green function being nonzero. This can be illustrated simply by the case with the infinitesi-mal interband pairing, for which we can set
where |δ∆| |∆|. Note that with this model, the Green function has an interband component to the first order in the interband pairing,
which has both the normal and anomalous part δĝ =f δĤĝ +ĝδĤf , δf =f δĤf +ĝδĤĝ, (28) whereĝ,f is the normal and anomalous Green function forĤ 0 . The result is analogous to the multiband chiral p-wave model of Sr 2 RuO 4 15-17 in having interband pairing turn on a process that contributes to Hall conductivity. However, while the results for Sr 2 RuO 4 obtain Hall conductivity due to the anomalous interband Green function, we find that only the normal interband Green function contributes to the Hall conductivity,
through the process represented by (b) of Fig.1 . Given that this process involves anomalous -that is, electron to hole or vice versa -propagation at some point, we expect it to maximize at the Fermi surfaces. Since with the nonzero interband pairing the Hall conductivity receives contribution from process different from that of the normal state, we can expect that this leads to qualitatively larger change in the Hall conductivity from its normal state value. Hence we expect the dependence of the Hall conductivity on the superconducting gap for the purely s-wave pairing to be qualitatively different from that for the purely intraband pairing.
For the Hamiltonian of Eq. 25, we find that the Hall conductivity is
(see Appendix A for derivation); note that in the |∆| → 0 limit, Eq.(30) converges to the normal state Hall conductivity of Eq. (7) from the first term of the intergrand. The key change from the case of the purely intraband pairing is that the integrand of Eq.(30) actually reverses its sign at the Fermi surfaces ξ k ± d k = 0. From the case of infinitesimal interband pairing examined above, we have seen that the interband propagation can lead to a large change at the Fermi surfaces . Comparison between the integrand of Eq. (30) and that of Eq. (7) shown in (b) of Fig.2 clearly shows this striking change at the Fermi surface. The two plots of Fig.2 strongly indicate that the change in the Hall conductivity is going to be qualitatively larger with the interband pairing than with the purely intraband pairing. Indeed, from differentiating Eq.(30) with respect to |∆|, we find that the Hall conductivity is linear in the pairing gap in the |∆| → 0 limit, which is a qualitatively stronger dependence than the |∆| 2 log |∆| dependence we find for the purely intraband pairing case of the previous section. We obtain
(v F ± 's are the velocity on the outer/inner Fermi surfaces) for the case where we have two Fermi surfaces. Given that the Landau-Ginzburg theory gives us ∆ ∝ (T c − T ) 1/2 , the above result implies δσ
Our results imply that for the purely s-wave pairing, the effect of pairing on the Hall conductivity does not
Comparison between the integrand of the Hall conductivity of the normal state in Eq. (7) with that of (a) the purely intraband pairing superconductivity in Eq. (21) and (b) the purely s-wave superconductivity in Eq. (30) . We have defined kF ≡ √ 2µm * , RK = 2π/e 2 ('the effective Berry curvature' F xy normalized to give the normal state value for |∆| = 0) and set for both does not vanish on either side of the transition. The only difference for the topologically non-trivial superconducting phase is that the k F − contribution of Eq.(32) vanishes, which leaves unchanged the contribution from the larger Fermi surface (the k F + -dependent term) in Eq.(32). This is fully in accord with our numerical results in (b) of Fig.2 which show the |∆|-linear dependence to originate at the Fermi surfaces.
IV. PHYSICS OF INTERBAND PAIRING
Our results indicate that the Hall conductivity provides a clear diagnostic for presence of interband pairing. It is therefore imperative to consider the circumstances under which the interband pairing could arise.
In an intrinsic superconductivity with infinitesimally weak interaction, the Cooper pairing occurs between electrons of the same energy near the Fermi level, as the pairing of states at different energies cannot save as much energy. Thus intrinsic pairing between different bands is unlikely to be energetically favorable unless the pairing is of the FFLO type with a nonzero center of mass momentum or the pairing interaction is strong compared to the gap between bands at the Fermi energy.
Since we have not considered FFLO pairing, the results of the previous section are relevant only when the pairing interaction is strong or when the superconductivity is induced through proximity effect and produces a pairing gap comparable to the splitting between the two bands 2d k . From both the analysis of the infinitesimal interband pairing in Eqs. (28), (29) and the numerical results for the purely s-wave pairing in Fig.2 , we see that the effect of interband pairing on the Hall conductivity is significant mainly at the Fermi surfaces.
We emphasize that the physically relevant question is whether there can be interband pairing comparable to intraband pairing. It needs to be pointed out here that physically even the proximity effect will not induce a purely s-wave pairing. Tunneling between the Rashba system and the s-wave superconductor allows for spinflip processes due to the spin-orbit coupling and may induce inverse-proximity effect resulting in a nonzero spintriplet pairing correlation on the s-wave superconductor or a suppression of superconductivity in the s-wave superconductor.
We conclude here that interband pairing is less likely in the topologically non-trivial superconducting phase which requires a single Fermi surface in the presence of the Zeeman field. We will show that usually the gap between the bands at the Fermi surface are larger than in the case of a single Fermi surface than in the case of Fermi surfaces in both bands. This in turn makes interband paring more energetically unfavorable in the case of topologically non-trivial superconductivity than in the case of the trivial superconducting phase. To illustrate this point, it is useful to examine certain specific ranges of the parameters.
Consider the special point µ = 0 at which we have a topologically non-trivial superconductivity for any h 2 > |∆| 2 > 0. At the limit of h → 0 the Fermi surface would be at k F + = 2m * α, and hence the band splitting at the Fermi surface would be 2αk F + = 4m * α 2 . In the h m * α 2 limit, the band splitting at the Fermi surface would be much larger then h and hence also the pairing gap |∆|. Possibility for the interband pairing only exists in the experimentally challenging regime of |h| |∆| m * α 2 . There are less constraints in the topologically trivial superconducting phase, since for a fixed h, |∆|, the chemical potential µ needs not be fine-tuned. One possible scenario is in the limit of small spin-orbit coupling and Zeeman energy, i.e. µ |h|, mα 2 . In this case there is no restriction against the band splitting 2d k ≈ 2 h 2 + 2µm * α 2 becoming comparable to |∆|, and the interband pairing on the both Fermi surfaces will give us
Another scenario is for the case where we are in the trivial superconducting phase, yet close to the quantum phase transition, e.g., 0 < µ − |h| µ. For |∆| comparable to |h|, there can be significant interband pairing at the smaller Fermi surface giving us
V. CONCLUSION AND DISCUSSION
We have studied the intrinsic Hall conductivity in the normal and superconducting phases of the Rashba system under perpendicular magnetic field. In this system, the normal state itself has broken time-reversal symmetry and a non-zero intrinsic Hall conductivity, in contrast to Sr 2 RuO 4 , where the normal system is time-reversal invariant and Cooper pairing breaks time-reversal symmetry. We have compared two cases for this system, one where the Cooper pairing is exclusively intra-band and the other where we allowed for the inter-band pairing as well; both cases have the same topologically trivial and non-trivial superconducting phases and the identical class of the quantum phase transition between them tuned by the chemical potential µ. For either case, we find no qualitative difference between the Hall conductivity in the topologically trivial and non-trivial superconducting phases. On the other hand we find that between the case with zero and non-zero inter-band pairing, the dependence of the Hall conductivity on the pairing gap is qualitatively different, with the non-zero inter-band pairing case having a Hall conductivity linear in the pairing gap.
Experimentally, our result suggests that while the observation of the linear dependence of intrinsic Hall conductivity on the pairing gap is more likely to be associated with the topologically trivial superconductivity, if not quite ruling out the topologically non-trivial superconductivity. This is because the interband pairing in the topologically non-trivial superconducting phase requires either a very strong Zeeman field or a very low electron density and therefore would be very difficult to realize, whereas in the case of the topologically trivial superconducting phase one merely needs a sufficiently weak spin-orbit coupling.
Our Hall conductivity results on the Rashba system are consistent with those on the chiral p-wave superconductor. While the chiral p-wave superconductor always breaks time-reversal symmetry, its topology depends on the number of pockets crossing the Fermi level, being is non-trivial (trivial) for odd (even) number of pockets. A non-zero Hall conductivity in an impurity-free chiral p-wave superconductor requires inter-band pairing regardless of whether the superconductivity is topologically trivial or non-trivial. Our results are consistent in both aspects : on the importance of the inter-band pairing on the Hall conductivity and on the absence of any qualitative dependence on the topology of the superconducting phase.
The non-quantization of the Hall conductivity in superconductors is another consequence of the sharply different electromagnetic response of superconductors and insulators. The quantization in insulators can be explained by an argument which relies on an adiabatic insertion of h/e flux through a ring in the Corbino geometry. Since the inserted flux can be "gauged away", the system must return to its initial state with a possible transport of an integer number of electrons from the inner edge to the outer edge 1, 29 . However, in superconductor, flux insertion leads to Meissner screening, and eventually, by the time a h/2e flux is inserted, the phase slip by which the superconductor acquires the 2π phase winding around the hole occurs in the superconductor to reduce the kinetic energy. Since the 2π phase winding cannot occur adiabatically, the h/e flux cannot be adiabatically inserted in a superconductor and the quantization argument does not apply.
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(note that allĝ's are independent of spin andk). However, the above formula does permit writing down in a relatively simple form the optical Hall conductivity at T = 0 after tracing over the spins:
(tr here is only over the electron and hole), from which we obtain Eq.(30) in the ω → 0 limit. Taking the first derivative of Eq. (30) with respect to the pairing gap |∆| in the |∆| → 0 limit gives us
